The Piris natural orbital functional ͑PNOF͒ based on a new approach for the two-electron cumulant has been used to predict adiabatic ionization potentials, equilibrium bond distances, and harmonic vibrational frequencies of 18 diatomic molecules. Vertical ionization potentials have been calculated for the same set of diatomic molecules and another set of 20 polyatomic molecules using energy-difference methods as well as the extended Koopman theorem. The PNOF properties compare favorably with the coupled-cluster-doubles results. The calculated PNOF values are in good agreement with the corresponding experimental data, considering the basis sets used ͑6-31G ** ͒.
I. INTRODUCTION
In recent years a growing interest in methods based on natural-orbital-functional theory ͑NOFT͒ has been taken in quantum chemistry. In this formalism, the energy functional of the one-particle reduced-density matrix ͑1-RDM͒ is expressed in terms of the natural orbitals and their occupation numbers. A great advantage is that the kinetic energy is explicitly defined, and the NOFT therefore does not have to invoke the concept of a fictitious noninteracting particle system. Moreover, NOFT incorporates fractional occupation numbers in a natural way, which may provide a correct description of both dynamical and nondynamical correlations.
Actually, only the cumulant 40 of the two-particle reduced-density matrix ͑2-RDM͒ needs to be reconstructed. An explicit form for this cumulant in terms of two symmetric matrices, ⌬ and ⌳, has been recently proposed by Piris. 41 The suggested form of these matrices ͑as functions of the natural occupation numbers͒ produces a natural orbital functional ͑NOF͒ that is reduced to the exact expression for the total energy in two-electron systems. 15, 42 One can generalize it to the N-electron systems, except for the off-diagonal elements of ⌬. Alternatively, the mean-value theorem and the partial-sum rule for matrix ⌬ provide a prescription for deriving a practical NOF. 41 Considering real orbitals, the Piris natural orbital functional ͑PNOF͒ depends only on the Coulomb and exchange integrals and thus can be referred to as the so-called JK-only approximation. 30 It has been shown that several proposed JK-only functionals cannot be derived from the N-representable ansatz for the 2-RDM. 29 Kollmar has recently derived a JK-only 1-RDM functional starting from the pair-excitation multiconfiguration self-consistent-field ͑PEMCSCF͒ method and using necessary N-representability conditions for the 2-RDM. 43 This functional gives a small fraction of the total correlation energy for the water molecule at the equilibrium distance, indicating that the accuracy of the JK-only functional form may be limited. We must note that despite being of the JK-only type, the PNOF can be derived in principle from an N-representable ansatz for the 2-RDM, and it recovers a reasonable fraction of the total correlation energy at the equilibrium geometries. 41 In addition, the PNOF can be improved by providing a better approximation for the mean value J i * of the Coulomb interactions.
The prediction of molecular properties has been a frequent area of application in quantum chemistry. [44] [45] [46] [47] [48] [49] [50] [51] [52] The objective of these studies is to systematically test the performance of correlated methods. The aim of this paper is to assess the capabilities of the PNOF for calculating molecular properties, namely, equilibrium bond distance, harmonic vibrational frequency, and ionization potential ͑IP͒.
Computationally speaking, NOFT in its current form is very demanding. Therefore, we have chosen a medium-size basis set ͑6-31G ** ͒ for the calculations, and we have compared our results with those obtained using the standard coupled-cluster-doubles ͑CCD͒ method. The performance of the PNOF has been established by carrying out a statistical analysis of the root-mean-square ͑rms͒ absolute differences with respect to experiment.
II. THEORY
We briefly describe here the theoretical framework of our approach. A more detailed description of the applied NOF can be found in Ref. 41 .
The electronic energy E for N-electron systems is an exactly and explicitly known functional of the 1-and 2-RDMs, labeled hereafter as ⌫ and D, respectively,
The spin orbitals ͕ i ͑x͖͒ constitute a complete orthonormal set of single-particle functions. h ij denote the one-electron matrix elements of the core Hamiltonian, and ͗ij ͉ kl͘ are the two-electron matrix elements of the Coulomb interaction.
The 1-RDM can be diagonalized by a unitary transformation of the spin orbitals, with the eigenvectors being the natural spin orbitals and the eigenvalues ͕n i ͖ representing the occupation numbers of the latter,
͑2͒
In the following, all representations used are assumed to refer to this basis.
We consider a spin-independent Hamiltonian, so only density-matrix blocks that conserve the number of each spin type are nonvanishing. Specifically, in the case of spincompensated systems, the 1-RDM has spin blocks ⌫ ␣ = ⌫ ␤ , whereas the 2-RDM has three nonzero blocks: D ␣␣ , D ␣␤ , and D ␤␤ . For singlet states, the first and the last blocks of the 2-RDM are also equal ͑D ␣␣ = D ␤␤ ͒. Let us consider the well-known cumulant expansion 40 of the nonzero blocks of the 2-RDM. Namely,
It can be easily shown from the contraction relations for the 2-RDM blocks that spin components of the cumulant matrix fulfill the following sum rules:
The matrix ␣␣ must be antisymmetric; therefore we consider the following parallel-spin component:
where ⌬ is a symmetric matrix. The sum rule ͑5͒ and the approximate ansatz ͑7͒ imply the constraint
͑8͒
The prime indicates that the i = j term is omitted. For ␣␤ , we can achieve a suitable approximation if we replace the second term in Eq. ͑7͒ with the dependence obtained in the improved Bardeen-Cooper-Schrieffer ͑IBCS͒ method, 53 , namely,
͑9͒
where we have introduced a new symmetric matrix ⌸. For convenient purposes as we see below, we define the matrix ⌸ in terms of a new symmetric matrix ⌳:
Combining Eqs. ͑6͒, ͑8͒, ͑9͒, and ͑10͒ results in
Using Eqs. ͑2͒, ͑3͒, ͑4͒, ͑7͒, ͑9͒, and ͑10͒, the energy ͓Eq. ͑1͔͒ reads as
with the electronic repulsion integrals J ij = ͗ij ͉ ij͘, K ij = ͗ij ͉ ji͘, and L ij = ͗ii ͉ jj͘. Note that if ⌬ ji = 0 and ⌳ ji = n j n i ͑so ⌸ ji =0͒, then the reconstruction proposed here yields the Hartree-Fock ͑HF͒ case as expected. Taking into account that L ij = K ij for real orbitals, expression ͑12͒ can be rewritten as
From the requirement that for any two-electron system expression ͑13͒ should yield the exact energy functional of Ref. 15 , one easily deduces that ⌬ ji = n j n i and
The functional form ͑14͒ of matrix ⌳ can be readily generalized to
͑16͒
where
͑17͒
Here, the number of HF closed shells is denoted as nco. Inserting Eq. ͑15͒ into the equality ͑11͒ affords
By taking into account Eqs. ͑18͒ and ͑15͒, the energy functional ͑13͒ can be expressed as
͑19͒
Unfortunately, ⌬ ji = n j n i , taken from the N = 2 case, violates the sum rule ͑8͒ in the general case of N Ͼ 2. This means that the functional form of nondiagonal elements of ⌬ is unknown for N-electron systems as yet. Nevertheless, some constraints can be achieved for these quantities using known necessary conditions of 2-RDM N representability.
The so-called D, G and Q conditions state that the twoelectron density matrix D, the electron-hole density matrix G, and the two-hole density matrix Q must be positive semidefinite. The analytic determined eigenvalues provided rigorous bounds on the magnitudes ͕⌬ ji ͖ to guarantee that our reconstructed functional satisfies these positivity conditions. For more details, the reader can find this derivation in Ref. 41 .
It is not evident how to approach ⌬ ji , for j i, in terms of the occupation numbers. Due to this fact, the energy term in Eq. ͑19͒ which involves ⌬ ji is rewritten as
where J i * denotes the mean value of the Coulomb interactions J ij for a given orbital i taking over all orbitals j i. Here, the sum rule for off-diagonal elements of matrix ⌬ ͓Eq. ͑8͔͒ was used. Inserting this expression into Eq. ͑19͒, one obtains
A further simplification is accomplished by setting J i * Ϸ K ii / 2, which produces
The last term in Eq. ͑22͒ was introduced in Ref. 41 to ensure that occupation numbers of lowest occupied levels only are close to unity. This implies that
͑23͒
Applying the well-known procedure of taking molecular orbitals as linear combination of atomic orbitals ͑MO-LCAO͒, Eq. ͑22͒ becomes a functional of the natural orbital coefficients ͕C i ͖ and the occupation numbers ͕n i ͖. One has to minimize the energy both with respect to ͕C i ͖ and ͕n i ͖, subject to the following constraints:
͑1͒ the N-representability condition of the 1-RDM ͑0 ഛ n i ഛ 1͒, ͑2͒ the constant number of particles 2͚ i n i = N, and ͑3͒ the orthonormality condition C † S C= I ͑S is the overlap matrix͒.
III. RESULTS AND DISCUSSION

A. Vertical ionization potentials
The simplest treatment for determining vertical IPs is based on Koopman's theorem, which states that the IP is given by the HF orbital energy with the opposite sign ͑− i ͒, calculated in the neutral system. 54 This approach ignores the relaxation of the molecular orbitals after the ionization. In order to take the orbital relaxation into account, the IP is approximated by the energy difference for positive ions ͑M + ͒ and neutral molecules ͑M 0 ͒:
Nevertheless, both approaches disregard the change in correlation energy associated with the ionization. This missing correlation effect can be considered by calculating the NOF total energies for ions and neutral molecules. 36 Then, the vertical IP is here obtained by the energy difference:
55. The energy of the N − 1 electron system can be reasonably well approximated by an orbital ionization. We assume that the annihilation of one electron occurs at the highest occupied molecular orbital ͑HOMO͒ of the HF approximation. According to this hypothesis, the other electrons are populating all available states with 2n i , except the HOMO which is populated with n HOMO = 1. With this assumption, the ground state of the ion is a Ŝ z eigenstate. The value of the energy can be obtained straightforward from Eq. ͑22͒:
͑24͒
where cl denotes the number of closed shells.
Alternatively, one can avoid energy-difference calculations determining the vertical IPs by use of the extended Koopman theorem ͑EKT͒ proposed by Morrell et al. 56 and by Smith and Day. 57 We must note that in exact NOFT, all the natural orbital eigenvalues are the same, 2 and are equal to minus the vertical IP. 56, 58, 59 However, we have here an approximate NOFT, so the energy functional still depends on the 2-RDM, and the optimum orbitals actually satisfy the Löwdin equation. 60 The kernel of this equation can be transformed into a Hermitian kernel with a nondegenerate spectrum of eigenvalues .
3 The diagonalization of the matrix with the elements
yields ionization potentials as eigenvalues. 3, 39 In Eq. ͑25͒, ji L are the Lagrange multipliers concerning the orthonormality constraints on the natural orbitals. Table I lists the obtained vertical IPs by ⌬CCD, ⌬PNOF, and PNOF-EKT, together with Koopman's IPs, ⌬SCF, and experimental values. The total energies of neutral molecules and ions were calculated using the contracted Gaussian basis set 6-31G ** . 61 The CCD method as implemented in GAUSS-IAN 94 suite of programs, 62 with the keyword 5D, was used in order to calculate ⌬CCD.
A survey of this table reveals that Koopman's IPs tend to be larger than the ⌬SCF values, and the prevailing trend is that the values increase, moving from ⌬SCF to ⌬CCD, then from ⌬CCD to PNOF-EKT, and then from PNOF-EKT to ⌬PNOF. For BeO, HBO, LiH, and MgS molecules the ⌬PNOF values are smaller than the ⌬CCD results, whereas in case of CS, FH, H2O, HNC, and LiH the ⌬PNOF IPs are smaller than the PNOF-EKT values. Table I , the PNOF-EKT IPs move closer to experimental data. In fact, the rms absolute error of the PNOF-EKT values is smaller than the RMS absolute error of the ⌬PNOF ones for the studied set of molecules.
The CCD, ⌬PNOF, and PNOF-EKT methods show rms absolute errors from experiments of 3.8%, 11.0%, and 5.4%, respectively. In general, the results are in good agreement with the corresponding experimental vertical IPs, considering the small basis sets used for these calculations.
B. Equilibrium geometries and harmonic vibrational frequencies
Since presently the analytical derivatives of the energy with respect to the coordinates of the atoms ͑the forces acting on atoms͒ are not available for PNOF, we have employed the nongradient geometry optimization to determine the equilibrium bond distances ͑r e ͒ of the studied diatomic molecules. For each molecule, we have calculated the total energy U͑r͒ at a dense grid of bond distances r, separated from each other by 10 −3 Å. The harmonic vibrational frequencies ͑ e ͒ are determined from the second derivatives of the energy with respect to the nuclear positions. In the present study, the equilibrium force constants k e = UЉ͑r e ͒ were obtained from least-squares fits of the energy to a second-order polynomial in the distances, U͑r͒ = U͑r e ͒ + 1 2 k e ͑r − r e ͒ 2 . ͑26͒ Table II lists equilibrium geometries for the selected diatomic molecules. All values were computed using the contracted Gaussian basis set 6-31G ** . 61 The CCD calculations of r e and e were performed with the GAUSSIAN 94 system of programs, 62 with the keyword 5D. It has long been recognized that the HF method gives reduced bond lengths. We find that the HF bond lengths are shorter than the experimental ones for AlF, BeO, BeS, BF, BH, CO, CS, F 2 , FH, HCl, MgO, N 2 , P 2 , PN, and SiO molecules. Conversely, the HF method overestimates the experimental values for AlH, LiH, and MgS due probably to the deficiencies in the 6-31G ** basis set. Generally, the inclusion of electron correlation leads to an increase of the bond lengths. The exceptions are AlH, for which the CCD bond lengths is decreased, and LiH, for which the CCD and PNOF bond lengths are smaller than the HF distances.
The correlated bond lengths are mostly longer than the experimental values. Exceptions to this statement are the bond distance predicted by CCD for HCl and the bond lengths calculated by PNOF for BeO, HCl, and PN molecules. The rms absolute errors compared with experiments are 1.5% and 0.9% for PNOF and CCD methods, respectively. In case of the F 2 molecule, we must note that the PNOF bond length is too long. Excluding this molecule, the PNOF method shows a rms absolute error from the experiment of 0.98% closer to the CCD rms absolute error of 0.96%. Therefore, the PNOF shows a comparable performance with CCD in the calculation of the r e . The values of the harmonic vibrational frequencies for the selected set of molecules are presented in Table III . The expected trends of this property with respect to experiment are reproduced ͑the MgO molecule is an exception͒. The HF results are systematically larger, and the correlated vibrational frequencies move closer to experimental data. By both correlated methods, the experimental frequencies are still overestimated, except for BF, LiH, and MgS molecules. For F 2 , HCl, and MgO molecules, the PNOF frequencies are lower than the experimental values too. As mentioned previously, the PNOF bond length for the F 2 molecule is too long. Because longer bonds tend to diminish the force constants, the F 2 vibrational frequency is too low.
The performance of PNOF to predict vibrational frequencies is similar to CCD. The PNOF and CCD frequency values show rms absolute errors with respect to the experiments of 6.1% and 4.2%, respectively.
C. Adiabatic ionization potentials
In order to calculate the adiabatic IPs we allow both M 0 and M + to relax to their optimum geometries before evaluating their energies. We get then adiabatic ionization energies where zero-point vibrational energy differences are ignored.
In Table IV , we present the adiabatic IPs for the studied diatomic molecules. The adiabatic IPs predicted by ⌬SCF are too small, whereas the inclusion of correlation via PNOF increases them. The behavior of correlated adiabatic IPs is quite similar to that for the vertical IP results discussed previously. For a set of molecules ͑AlF, AlH, BeS, BF, CO, CS, F 2 ,HCl, N 2 , P 2 , PN, and SiO͒ ⌬PNOF values are greater than ⌬CCD and the experimental data. On the contrary, for other molecules ͑BeO, LiH, MgO, and MgS͒ the PNOF adiabatic IPs are smaller than the CCD and experimental values. For BH and FH molecules, the adiabatic IPs increase, moving from ⌬CCD to ⌬PNOF, and then from ⌬PNOF to the experiment. The PNOF and CCD methods show rms absolute errors compared with experiments of 9.7% and 3.7%, respectively.
If we compare the results obtained by ⌬PNOF for vertical and adiabatic IPs ͑see Tables I and IV͒, we can observe that the vertical IP values are about 2.0% higher than the adiabatic IPs, and that is precisely what we expect. In cases of CO and SiO molecules, the adiabatic IPs are higher than the vertical IPs. Note that the vertical IPs from Table I were calculated at the experimental geometries. We have calculated the vertical IPs at the PNOF-optimized geometry for these molecules. We have found then that the vertical IPs ͑17.506 and 13.406 eV for CO and SiO, respectively͒ are higher than the adiabatic IPs, accordingly with the expected trend.
IV. CONCLUSIONS
The recent obtained PNOF ͑Ref. 41͒ was used to determine vertical ionization potentials for a set of 38 selected molecules at the experimental geometries. For the subset of 18 diatomic molecules, we have also presented the adiabatic ionization potentials, the equilibrium bond distances, and the harmonic vibrational frequencies. To our knowledge, this is the first report of adiabatic ionization potentials via NOFT.
The functional yields molecular properties as well as those obtained by the standard ab initio technique, namely, CCD. Comparison with experimental results showed the PNOF geometries and frequencies to be generally no better than or inferior to those predicted by the CCD method within the 6-31G ** basis set. The ⌬PNOF values of ionization potentials tend to be slightly higher than the experimental results. This expected trend is caused by the underestimation of the correlation energy for ions, according to our working hypothesis for the ion ground state ͑n HOMO =1͒. On the other hand, the PNOF-EKT vertical IPs are in better agreement with the corresponding experimental data and are closer to CCD results.
In general, we observed that the overall trends with the introduction of the electronic correlation by PNOF are satisfactory. The reliability of the PNOF in the prediction of the studied properties has been illustrated. The knowledge of the energy derivatives and energy Hessian will provide in the future very useful information to determine efficiently the most stable conformation of polyatomic molecules. 
